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S1: QUASI-NORMAL MODES

The electric and magnetic field distributions Ẽν and
H̃ν of a quasi-normal mode (QNM) can be retrieved di-
rectly from a suitably apodized FDTD simulation [1].
According to [2] a normalization factor Nν can be cal-
culated based on Ẽν and H̃ν which corresponds to the
total energy contained within the mode fields:

Nν =
1

2

∫ [
Ẽν ·

∂ (ωε)

∂ω
Ẽν − H̃ν ·

∂ (ωµ)

∂ω
H̃ν

]
d3r . (1)

This allows us to normalize the electric mode field inten-
sity to the energy contained within the QNM:

Iν =
|Ẽν |2

Nν
, (2)

which has the unit V2/(m2eV). Additionally the mag-
netic fields have to be normalized by the same factor.

Fig. A1 shows the logarithm of the absolute values of Iν
of (a) the mode-matching antenna and (b) the reference
antenna, normalized to contain the energy of 1 eV. To
calculate the derivative ∂ [ω · ε(ω)] /∂ω the data of gold
modeled as in [3] have been used.

S2: DIPOLE IN FRONT OF SPHERE

To validate equation (6) from the main paper:

P

P0
= 1 +

6πcε0
k4

∫
Vν

|Ep(r′) · jν(r′)| d3r′ , (3)

we consider the problem of a dipole in front of a sphere
with radius R. This case has been treated analytically by
Kerker [4] and Ruppin [5] based on Mie theory [6]. Later
a generalized expression for the emission power enhance-
ment for a dipole close to a small spheres was derived
based on the sphere’s polarizability [7], which we will re-
produce here.

We start by expressing the mode current in terms of
the spheres mode fields:

jν = σEν = iωε0(ε(ω)− 1)Eν . (4)

Inserting eq. (4) into eq. (3) then leads to:

P

P0
= 1 +

6πε20
k3
·

· Im
{

(ε(ω)− 1)

∫
Vν

|Ep(r′) ·Eν(r′)| d3r′
}
. (5)

The dipole fields inside the sphere volume can be ex-
panded into Mie modes:

Ep(r, ω) =
∑
ν

Dν

[
pνM

(1)
ν (kr) + qνN

(1)
ν (kr)

]
(6)

M
(1)
ν and N

(1)
ν are the spherical vector wave functions,

as defined in [8] for a given set of control variables ν =
n,m, σ with n ∈ N,m ≤ n ∈ N and σ = odd or even,
Dν = ξ[(2n+ 1)(n−m)!]/[4n(n+ 1)(n+m)!] with ξ = 1
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FIG. A1. Logarithm of the normalized near-field intensity Iν
in the first quadrant of the x-z-plane for (a) the best mode-
matching antenna and (b) the reference antenna.

if m = 0 or ξ = 2 if m > 0, and

pν =
ik3

ε0π
M(3)

ν (kr0) · p (7)

qν =
ik3

ε0π
N(3)
ν (kr0) · p (8)

being prefactors originating from the Greens tensor[4].

The mode fields of the sphere read as [9]:

Esph(r) =
∑
ν

Dν

[
fνM

(1)
ν (k1r) + gνN

(1)
ν (k1r)

]
, (9)

with k1 = k ·
√
ε(ω), and the factors

fν = αnpν ; gν = βnqν , (10)

where αn and βn are complex valued Mie-like coefficients
which are derived from the boundary conditions for elec-
tric fields at the sphere surface [5].

For a sphere with small radius and small dipole dis-
tances R � rp � λ we can restrict our calculation to
the emission power enhancement due to the fundamental

dipolar sphere mode N
(1)
1,0,odd = Np leading to:∫

Vsph

Ep ·Eν dV =

=

∫
Vsph

(D1q1,0,oddNp(kr)) ·

· (D1βq1,0,oddNp(k1r)) dV . (11)

Here we made use of the fact that the spherical vector
wave functions are orthogonal∫

Vsph

Aν ·B∗µ dV = 0 (12)

for A,B ∈ N(1),M(1) with A 6= B and arbitrary ν, µ.
In the limit of small spheres the terms of the integral

(11) can be developed into series of kR and krp respec-
tively, which leads to the following intermediate results:

q1 =
ik3

πε0

2

krp
· h1(krp) (13)

with h1(krp) = eikrp
(

1

krp
− i

(krp)2

)
(14)

β =
3

ε(ω) + 2
+O(k2R2) (15)

∫
Vsph

Np(kr
′) ·Np(k1r

′) d3r′ =
16

27
πR3 +O(R5) (16)

with h1 being the Hankel function of the first kind.
Putting the integral together with D1 = 3/8 and insert-
ing it into eq. (5) leads to the final result:

P

P0
= 1 +

3k3

2π
·

· Im
{
α0(ω)e2ikrp

[
1

(krp)4
− 2i

(krp)5
− 1

(krp)6

]}
, (17)

which is identical to the result in [7], yet with α0 =
4πR3(ε(ω) − 1)/(ε(ω) + 2) being the quasi-static polar-
izability of a small sphere. Taking more terms of β into
account the same result can be derived for the effective
polarizability including also radiative losses [10].

S3: REVISITING THE SPLIT-RING-ANTENNA

In [11] the split-ring-antenna (sketched in Fig. A2(a))
was introduced as a result of evolutionary optimization.
It has been shown that it outperforms a comparable two-
wire dipolar nano antenna, reasoned by the additional
current from the shortcut across the antenna gap en-
abling a split-ring like mode, which adds up construc-
tively with the dipolar antenna currents for charge accu-
mulation at the gap. Using the mode matching formalism
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a)

b)

FIG. A2. (color online) Evaluation of a split-ring antenna
via the mode-matching method. (a) geometry of split-ring
antenna as introduced in [11]. (b) Near-field intensity dis-
tribution in the center x-y-plane. The green and blue dot
represent the center of the antenna and the position of high-
est fields along the y-axis, respectively (more information in
text).

it can now be understand, that the short cut adds a cur-
rent path resembling dipolar fields in the very center of
the split ring antenna.

We use this system for a numerical test of the new
theory, as the SRA shows only one excitable antenna
mode. We chose two positions for the dipole, one in the
very center of the gap (green circle), one in the point of
highest fields along the y-axis in 11 nm distance from the
center (blue circle). The ratio of mode near-field at the
given positions is evaluated by illuminating the antenna
with a normalized Gaussian of NA= 1 and λ = 650 nm,
yielding a power ratio of Prel = Emax/Ecenter = 1.441. To
check the validity of eq. (3) (eq. (6) in the main paper),
it is integrated numerically to obtain the mode-matching
power enhancement factor Pmm:

Pmm =
P

P0
∝
∑
r

Eν(r) ·Edip(r) . (18)

Here r indexes all Yee-Cells within the antenna vol-
ume. The antenna has a large enough field enhance-
ment, that direct far-field emission can be neglected. Eν
was calculated with the above mentioned Gaussian ex-
citation, the two Edip with a dipole source at a center
frequency λdip = 650 nm and a pulse length of ≈ 4
fs at the respective positions and a subsequent Fourier-
transformation to retrieve the quasi-static fields. The
ratio Pmm,max/Pmm,center = 1.451 differs from Prel only
by a factor of 0.007 which is within any error margin due
to numerical inaccuracies for the different light source
setup.

S4: GENERALIZED VERSION OF THE
MODE-MATCHING FORMALISM

We reproduce eq. (1) considering a point dipole with
dipole moment p situated at rp, emitting at wave number
k in an inhomogeneous environment leading to scattered
fields Esc. The enhancement of dipole emission power
P/P0 can be calculated as [12]:

γ

γ0
=

P

P0
= 1 +

6πε0

|p|2
1

k3
Im {Esc(rp) · p∗} . (19)

Instead of eliminating the imaginary part right here, we
first insert the definition of the scattered fields:

Esc(rp) = iωµ0

∫
Vν

Ḡ0(rp, r
′)jν(r′) d3r′ , (20)

leading together with the reciprocity theorem Ḡ(rp, r
′) =

Ḡ(r′, rp) of the Green’s tensor [13] to:

γ

γ0
=

P

P0
= 1 +

6πε0

|p|2
ωµ0

k3
·

· Im

{∫
Vν

Ḡ0(r′, rp) jν(r′)p∗ d3r′
}
. (21)

With p = |p| eiφp ⇒ p∗ = p · e−2iφp , the definition of
the dipolar currents jp = −iωp δ (r− rp) and finally ap-
plying equation (20) for the dipole fields instead, we end
with:

P

P0
= 1 +

6πcε0
k4
·

· Im

{∫
Vν

Ep(r
′) · jν(r′) · e−2iφp d3r′

}
. (22)

Finally we write down all phases explicitly and take again
into account, that we excite the antenna at resonance
with a π/2-phaseshift φν(r) = φE(r) + π/2. We end
with:

P

P0
= 1 +

6πcε0
k4
·

· Im

{∫
Vν

|Ep(r′)| |jν(r′)| · ei[2(φE(r′)−φp)+π
2 ] d3r′

}
,

(23)

which now also takes into account retardation effects
as the extra phase term describes the self action of the
dipole via the scattered fields, when the distance between
dipole and antenna becomes comparable to the wave-
length and φE(r′)− φp remains finite.

If the antenna is excited off resonance, the phaseshift
introduced before eq. (23) will no longer be π/2 but will
obtain a respective value between 0 and π, which can be
determined beforehand by analyzing the antenna reso-
nance. For the case of multiple resonances the coupling
terms of each resonance with respective phase enter eq.
(23) via summation.
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S5: N-TYPE MODE PLASMONIC CAVITY
ANTENNA

To realize a plasmonic cavity antenna with cylindri-
cal symmetry that exhibits a the n-type mode current
pattern while being similar to the reference antenna, the
two antenna wires have to be shortcut close to the feed-
point using a metal bridge shaped in a way that resem-
bles the dipole field loops. To asses the optimal thickness
of such a geometry we examine the approximative case
of a spherical shell. Fig. A3 shows the near-field inten-
sity enhancement in the center of spherical shells for an
incoming plane wave with λ = 650 nm, while the shell
radius r and shell thickness d are varied (compare also to
[14]).

r

r / nm

d 
/ n

m

d

(a) (b)
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norm
. E

-F
Ields / arb. u.

FIG. A3. Resonances of sphere shells. (a) Sketch of an air
filled metal shell, with cutaway for better visibility of the
dimensions r, the inner radius and d, the shell thickness. (b)
Normalized electric fields in the very center (white circle) of
a gold nanoshell for a quasi-static excitation at λ = 650 nm
for changing shell radius and thickness.

For small shell radii with dimensions of typical opti-
cal antenna gaps, the resonant shell thickness has to be
comparably thin, between 1 and 3 nm. This can be un-
derstood by an effective wavelength argument: The ge-
ometry in main paper Fig. 2(b) realizes the gap shortcut
in a planar gold sheet with 30 nm thickness via two wires
with a ’rectangular’ cross section. To transform it to a
3D shortcut, the ’height’ of the wire has to increase and
its width has to shrink to keep the overall shortcut cross
section area about constant to keep the identical effec-
tive plasmon wavelength and thus conserve the resonance
peak position[15].

Simply combining a plasmonic dipolar antenna with
a 10 nm gap with a shell with r = 10 nm and d = 1
nm (compare to Fig. A3) results in the desired mode in
quasi-static FEM simulations (COMSOL). Yet, it was
not possible to validate the geometry by means of full
wave FDTD simulations, as down to a mesh size of 0.25
nm the stair-casing effect of the thin spherical shell leads
to a severe mode shift and therefore to different NFIE
spectra. Finer meshing was not feasible due to large sim-
ulation times. We note that this geometry would be of
pure academic value, as a 1 nm thick, smooth spherical

gold shell filled with air is far from experimental realiza-
tion.

However, core-shell geometries filled with dielectric
materials can be fabricated by chemical self assembly
[16]. If a QE can be placed inside such a sphere, the
mode-matching condition for the QE near-field can be
fulfilled to a large extent. However, to achieve good far-
field coupling at the same time two antenna arms have
to be attached to the core-shell particles.

S6: FIELD DISTORTION AT THE AIR-GOLD
INTERFACE

To prove the assumption that at optical frequencies the
fields of a dipole are not strongly altered by entering a
gold surface, the following figure of merit µ was devised:

µ =
1

V

∫
Edip,0(r) ·Edip,Au(r)

|Edip,0(r)| |Edip,Au(r)|
dV (24)

The numerator in the integral is a scalar product of Edip,0

the dipole fields in vacuum and Edip,Au the dipole fields in
gold at the same point in space r. Together with the nor-
malization denominator the integrand lies in the interval
[−1, 1], as does µ. The two fields are retrieved from two
different quasistatic simulations, where the field in the
gold material was retrieved from a simulation filled with
gold, except of a void in the very center shaped identically
to the cavity of the plasmonic cavity antenna (see Fig. 2
of the main manuscript) as depicted in Fig. A4(a). The
gold materials complex dielectric ε(λ) = ε′(λ) + i ε′′(λ)
was implemented following the Etchegoin model [3].

To define the outer border of the integration volume,
an estimation for the field penetration was performed as-
suming the dipole fields with a r−3-distance dependence
being additionally damped by a factor e−r/δ(λ) after en-
tering the material, with δ being the penetration depth
of surface plasmon fields on a plane metal/air interface
[12]:

δ1(λ) =
λ

2π

(
Im

(√
ε′(λ)2

ε′(λ) + 1

))− 1
2

(25)

The resulting field decay normalized to the surface field
strength for a dipole in a spherical cavity with a radius
of λ/100 for wavelengths from 500 to 1000 nm in steps of
50 nm is depicted in Fig. A4(b). The minimal distance
dp between the void and the outer integration limit of
eq. (24) is set to dp = 10 nm, leading to an overall radius
of the integrated volume of 30 nm to ensure that all fields
decayed to < 0.1 of the surface field strength.

The resulting µ for a set of wavelengths λ is given in
Table I. Obviously, the values are near to -1 which is
expected since the fields acquire a phase shift of π on
entering a metal. The absolute values are large enough
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FIG. A4. (color online) The rotational symmetric geometry
for the quasistatic test of field distortion. The center is filled
with a single point dipole situated in the very center of the
void made from vacuum. The surrounding is made from gold.
The circle denotes the region, in which eq. (24) is evaluated.
The minimal distance dp was set to 10 nm (see text for de-
tails).

λ/nm µ µSphere

500 0.242 -1.000
550 -0.840 -0.999
600 -0.861 -0.999
650 -0.878 -0.998
700 -0.887 -0.998
750 -0.892 -0.998
800 -0.896 -0.997
850 -0.898 -0.997
900 -0.900 -0.996
950 -0.902 -0.996
1000 -0.903 -0.996

TABLE I. Field distortion for different dipole emission wave-
lengths λ. µ is the value for the plasmonic cavity antenna
center geometry as depicted in Fig. A4(a), while µsphere is the
same calculation performed for a dipole in a spherical void
(details in text).

to justify the assumption of nearly unperturbed dipole
fields and the mode patterns shown in main paper Fig.
2(a) can therefore be used as design guidelines. Finally,
for λ = 500 nm the absolute value of µ drops by a large
margin. This is the results of the mode between the two
cavity tips switching from a mode with no field node to
one with two field nodes as can be seen in Fig. A5. A

non-negligible portion of the field is now in phase with
the excitation.
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FIG. A5. Quasistatic near field intensity for λ = 650 nm (up-
per panel) and λ = 500 nm (lower panel) in the center region
of the plasmonic cavity antenna, which was used to evaluate
eq. (24). The plot shows a quarter of the cross section incor-
porating the axis of rotation. For λ = 500 nm an additional
field strength minimum has appeared, as a higher order mode
is getting excited.

It has to be mentioned, that for the cavity shape being
spherical, µSphere < −0.995 is true for all examined wave-
lengths, when the sphere radius is set to r = λ/100 and
dp = 10 nm. This originates from the cavity showing
the identical symmetry as the dipolar fields. However,
the overlap integral and therefore the power transfer is
also dependent on the field strength, which can for long
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wavelengths be optimized by tips and their correspond-
ing lightning rod effect. For short wavelengths near the
plasma frequency the metallic behavior gets less and less
pronounced and a spherical cavity with the lowest possi-
ble radius seems to ensure optimal coupling.
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