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One of the most powerful ways to manipulate spins in nanometer-scale devices is by converting a charge current
to a spin current via spin-orbit coupling. The resulting spin-orbit torques (SOTs) have been investigated
and utilized extensively in the past decade. Quantitatively, however, SOTs may exhibit a non-trivial angular
dependence which is not well explored. Here, we develop a nested iterative analysis to determine the magnitude
of SOTs from harmonic Hall measurements. This updated method largely improves the fit quality in the full
magnetic field range and accurately retrieves even higher order, anisotropic spin-orbit torque coefficients.
The numerical implementation of our algorithm is fast, robust, and designed for easy integration into existing
analysis schemes. We verify our code using simulated data with and without anisotropic SOTs. Accurately
quantifying higher order SOT terms can be especially useful for modeling non-uniform magnetic textures such
as domain walls and skyrmions and current-induced magnetization switching characteristics.

In a thin-film magnetic heterostructure with broken
inversion symmetry, a longitudinal electrical current can
be converted to a spin current via spin-orbit coupling
effects near material interfaces. The spin currents can
subsequently exert a torque on the local magnetization
of the magnetic thin film. These torques are known as
spin-orbit torques (SOTSs) and offer great potential for
spintronic devices.!? For example, it has already been
shown that SOT can be used for magnetic switching with
high efficiency®*, for nucleating and annihilating mag-
netic skyrmions®®, and for driving domain walls”® and
skyrmions? 12 into motion.

Spin-orbit torques are often approximated by two
isotropic torque terms, the isotropic antidamping-like
torque and the isotropic field-like torque. These torques
can be quantified by single, scalar, material-dependent
proportionality constants: the effective spin Hall an-
gle and the field-like spin-orbit torque efficiency, respec-
tively. However, recent experiments, in particular on
heavy metal/ferromagnetic metal/oxide (HM/FM/Ox)
heterostructures, have shown that the magnitude of
SOTs also depends on the magnetization direction.!? 18
This anisotropic behavior is attributed to spin-orbit cou-
pling driven effects at the HM/FM interface.?1 2! Since
domain walls and skyrmions inherently include spins
of every possible orientation, even small anisotropies of
the SOTs may considerably alter the resulting current-
driven dynamics of such textures. The relevance of tak-
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ing anisotropy into account when evaluating dynamics in
spin textures has recently been shown.?? A detailed un-
derstanding and accurate modeling of such anisotropic
torques is hence highly desirable.

Harmonic Hall measurements provide a sensi-
tive tool to quantify SOTSs, including their angular
dependence.'®18:23 The analysis of such data is well-
established for the case of isotropic SOTs.!%14:23:24 By
contrast, for the measurement of anisotropic higher
order terms, though explored in the past'®17 1925 4
self-consistent analysis scheme is not available. Here,
we analyze simulated harmonic signals and evaluate
how precisely the simulation model parameters can be
extracted from the data. We find that the existing
iterative approach to analyze harmonic measurements
performs well for the leading order coefficient but fails
to reproduce large anisotropic higher order terms. We
develop a nested iterative procedure and show that with
this approach, terms up to at least the fourth order are
accurately extracted in a self-consistent manner.

We consider an electrically contacted strip of a thin-
film, perpendicular magnetic material, as illustrated in
Fig. 1la. The current direction is defined as the x-
direction and the out-of-plane magnetic easy axis is along
the z-direction. 8 and ¢ denote the polar and azimuthal
angles and added indices “eq” and “b” indicate the equi-
librium direction without current and the direction of
the external magnetic field, respectively. We consider
the typical case of a material with negligible in-plane
anisotropy, i.e. ¢oq = ¢.'> In this configuration, the
effective fields corresponding to the field-like (FL) and
antidamping-like (AD) spin-orbit torques due to a cur-
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FIG. 1: Geometry and coordinate system. (a) Side view
of the Hall bar structure. M is the magnetization, Bext
the external applied field. 0.y and 6, are the azimuthal
angles of the magnetization and external applied field
from the z-axis, respectively. Bap, Byr, are the
effective SOT fields. (b) Top view of the Hall bar
structure indicating the in-plane angle ¢eq of the
magnetization, as well as the measurement direction of
the transverse voltage.

rent I can be written as!'®

Brr = csin(geq)[Bo " + s*BsY + s* B + ... Jés

+ cos(¢eq)BgLé¢
and
Bap = — c08(deq)[BED + 2 B5P + s*ByP + ... &y
+ csin(¢eq)B§Dé¢,

@)
where ¢ = cos(feq) and s = sin(feq) throughout this text.
The lowest order field coefficients B§" and B4 in Egs.
(1) and (2) represent the isotropic SOT, which, on their
own, can be written as BEY oc y x M and B4 « y. The
higher order coefficients Bg, L and B3P introduce a non-
trivial dependence of the polar SOT component on the
magnetization direction. Note that higher order terms
in the azimuthal component are also allowed in princi-
ple, but were never observed experimentally (potentially
due to the lower sensitivity of harmonic measurements to
changes in ¢) and therefore neglected here®!3; if needed,
it is straightforward to extend the analysis presented be-
low to include such terms.

To determine the SOT coefficients by harmonic Hall
measurement, we consider a Hall bar geometry as de-
picted in Fig. 1b with an AC current I(t) = Iy cos(27 ft).
The anomalous (AHE) and planar (PHE) Hall effect lead
to a transverse (Hall) voltage Vi in this geometry. To
account for the dynamic change of the resistance due to
the spin-torque-induced rotation of the magnetization,
the Hall voltage can be expanded in terms of harmonics
of fas Viu(t) =3, V" cos(2mnft). The V" = [oR"/
harmonics can be measured individually using, e.g., a
lock-in amplifier. The first and second order resistance
coeflicients can be analytically related to the magnetic
properties of the material via'?

RI]jI = cRAuE + SQRPHE sin(2¢eq) (3)

(@) 1.0 (b)
isotropic
- 051 = 4 anisotropic |
€ oo £ ) : /
ST o i
Jont
S 05 &
0 - 4
—1.0™= . ’ . . ’
—2000 0 2000 —2000 0 2000
woH (mT) pwoH (mT)

FIG. 2: Expected (a) first harmonic signal RIJ; and (b)

second harmonic signal RIQ{f , the latter with and
without higher order coefficients at ¢oq = 90°, 8, = 88°.
For the simulated SOT parameters see Tabs. I and II.

and

RY = (Rang — 2cRpug sin(2¢eq))
o de 1
dBexy sin(fp — beq)
2c08(2¢eq)
Bexe sin(6y) %"

By
+ SzRPHE

where we have assumed that the spin-torque-induced ro-
tation angles are small. The parameters Rapg and Rpug
are the coefficients for the anomalous and planar Hall re-
sistance. Following Ref. 13, we use Rayg = 0.8 and
Rpyr = 0.09Q in the simulations, representing a typi-
cal Pt/Co Hall bar structure. Moreover, By and B are
the current-induced effective fields in the polar and az-
imuthal direction, respectively (B; = Bp€g+ Byé,), and
are assumed to be proportional to the current amplitude
I. Note that in real devices, thermal contributions to
R{I and R?{f are often present. These contributions can
be measured and subtracted before applying the analysis
discussed below.!3:14

To simulate harmonic measurement signals, we con-
sider the limit of small excitations, where harmonics be-
yond the second order are negligible. In this scenario, we
can eliminate the time-dependence from the simulation
and instead calculate the expected signal from the static
Hall resistance at constant current I vial3

R{I _ Ry (+1) ‘;RH(_I) (5)

and

Ru(+1) —RH(—I).

Ry =
H 2

(6)

To calculate the static Hall resistance we numerically
find a solution for M that minimizes the total effective
field Beg for a DC current. Examples of a simulated
first and second harmonic signal are displayed in Fig.
2. The parameters used for the simulations are listed in
Tabs. T and II. The perpendicular magnetic anisotropy



(PMA) field is fixed to Bx = 950mT throughout this
paper. The analysis uses the first harmonic Hall signals

R{I at ¢oq = 0°, 45°, 90° and the second harmonic

signals R?If at goq = 0°, 90°. The field is applied almost
in-plane (6, = 88°). The small out-of-plane contribution
of the field prevents the formation of multi-domain
states during measurements and stabilizes the numerical
convergence of the simulations.

We first explain the established approach of extract-
ing the parameters of Eqs. (1) and (2) from harmonic
measurement data and illustrate the challenge of fitting
anisotropic signals. We start by analytically inverting the
symmetric and antisymmetric parts of Eq. (3) to extract
the material parameters Rapgg and Rpyg, the cosine of
the angle of magnetization ¢ = ¢(Bext), and its derivative
de/ dBexy from RIJ;AS, where the superscript denotes the
polar field angle ¢oq = 45°.

Next, we analyze the second harmonic signal to extract
Bg’ 124’4 and Bé24. Unfortunately, there is no analytical
means to this end, but this can be remedied as follows.
Consider the simplest form of Eq. (4), which is obtained
at ¢eq = 0° and 90°. At these angles, each single mea-
surement of R?{f is related to two unknowns, By and B.
We want to extract these from equation 4, but this is
only possible by using the additional constraints of Egs.
(1) and (2), which tell us that By and By are related as
follows:

BY® = ¢[BfY + s* By + B, (7)
BY = —[ByP + s2B5P + s*BP, (8)
B’ = cByP, (9)

B} = By", (10)

where again the superscripts 0 and 90 indicate the angle
¢eq in degrees. By measuring Rilf (Ocq, Peq) at ¢eq = 0°
and 90° and a sufficiently extensive set of angles 0.,
the number of equations can exceed the number of un-
knowns. The established approach to solve these equa-
tions for Bg % 4 and BO 54 Is an iterative procedure as
illustrated in the flowchart of Fig. 3. This method, orig-
inally developed by Garello et al.!3, starts with with an
initial guess (i) as follows:

1. Initially, all higher order contributions are ignored,
BEL’AD = 0. Moreover, the process starts with
a guess for Bf;o to allow analytical inversion of Eq.
(4). Since generally Raug > Rpug, the contribu-
tion of the B} term to Eq. (4) is relatively small
and we start with the initial guess Bgo =0 (we find
that within reasonable bounds, this initial value of
Bgo does not change the result of the analysis be-
low).

Subsequently, the following steps are iterated:

1. B is calculated by inverting equation (4) as

B9 _ sin(fp — Oeq) ( de )1
0 Raug dBext

2RpuE 90
Bext Sin(9b> ¢ |

(11)

2. Using Egs. (7) and (10) and the initial assumption
f BYLAD — 0, this result of Bgo is related to Bg
via

B) =By’ /c. (12)

3. This now allows the use of the full Eq. (4) to cal-
culate BY.

4. Then, using Egs. (8) and (9) and B;i’AD =0,
B = —cBy. (13)

Steps 1 - 4 are repeated until the effective fields By and
By for both angles converge. These iterations are per-
formed independently for each value of the magnetiza-
tion’s azimuthal angle 6,. A final step yields the desired
result:

5. The converged Bj°(fe,) and Ba(ﬁ q) are fitted
to Egs. (7) and (8) to extract Bf5, and B{?P,,
respectively.

We first test this method using the simulated harmonic
measurements of an isotropic SOT system. The simula-
tion parameters are listed in Tab. I. As expected, we
find that the extracted values of Bg’go(ﬁeq) are constant
as a function of magnetization angle 6,4, with a residual
variation below 1% across the simulated field range. The
fit to this data (step 5) accurately reproduces the simula-
tion input values with relative errors A of approximately
0.02 %, see Tab. 1.

However, the situation is very different when we
assume significant contributions from anisotropic SOTs,
see Tab. II for the simulation parameters. In this case,
the extracted Bg’go(eeq) show a strong variation with
the external field (Figs. 5b and d) and the resulting fit
produces inaccurate results for the higher order SOT
parameters (Tab. II). Note that the fit itself (step 5)
is very accurate and falsely suggests that the resulting
fit parameters are reliable (see fit errors listed in Tab.
IT). Contrary to this expectation, we find that in our
example the extracted higher order coefficients deviate
by up to 68 % from the input values of the simulation.
This points to a convergence problem of the iterative
calculation of the effective fields BO 9O(Ocq) (steps 1-4)
and, moreover, shows that the quahty of the fit should
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FIG. 3: Flowchart of the conventional iterative procedure to extract spin-orbit torques from harmonic
measurements. The steps, indicated by the encircled numbers, are explained in the text. The updated quantities are
printed in bold. Note that the fit of the desired torque coefficients is performed only once, after the boxed loop has

reached convergence.

not be used to evaluate the error of the extracted SOT
parameters. Next, we will develop a modified iterative
process that accurately and reliably extracts higher
order SOT coefficients.

The fundamental issue of the established analysis
scheme of harmonic measurements is that anisotropic
terms, if present, are not considered when calculating
Bg,go in the iterations. Here, we expand the process by
a second layer of iterations in which the SOT coefficients
BO 5.4 and BO 5 4 are allowed to change. This process is
illustrated in Flg 4. The starting point of this nested
iterative process is the result generated by the conven-
tional analysis, i.e. after converging to a stable solution.

Based on potentially non-zero higher order parameters
32F I; AD oxtracted from the fit, we obtain new equations
for the evaluation of steps 2 and 4:

2.%
BQO
By =~ —*Bj" —s"BJ", (14)
c
4.%*
B’ = —¢(Bj + s*B5P + s*B{P). (15)

These equations refine the conventional (inner) loop of
the iterative analysis scheme (Fig. 4). For each set of

higher order parameters BFL AD , this inner loop is re-

peated until convergence of B@ and By is obtained. Only

FL,AD

then are B;3, ~ updated by executing step 5. With

FL AD , the inner loop

is started again. The final result is the set of all B(Ii I;:fD

coeflicients obtained after convergence of the outer loop.

each updated set of parameters B,

We find that this separation of an inner loop with con-
stant BFL AD g key for the robust convergence of the
entire analysis.

TABLE I: Simulation and analysis of a purely isotropic
SOT system. The table lists the input SOT parameters
(in mT) as well as the values extracted from the
conventional and nested iterative analysis of the
simulated harmonic signals. We also show the fit
residual standard error (o, in mT) and the deviation
between analysis result and the input value normalized
to the input value (A, in per cent) for both analysis
methods.

Conventional Nested

Input |Result o A (%)|Result o A (%)
BEY1-1.2| -1.20 |1 x 107} -0.02 | -1.20 |1 x 107%| -0.02
B 0| 000 [1x107% - 0.00 |1 x107%| -
B 0 | 0.00 [1x107%] - 0.00 [1x1075%] -
B#P11.9] 1.90 |2x107%] 0.02 | 1.90 |2x107%| 0.02
B 0 | 0.00 [1x107%] - 0.00 [1x107%] -
B 0| 000 [1x107% - 0.00 |1 x107%| -

The nested iterative analysis does not significantly
influence the extracted values for purely isotropic SOTs
(Tab. I and Fig. 5a and c). However, if anisotropic
SOT components are present, every time we restart a
new iteration, the newly fitted coefficients improve the
accuracy of the conversion rules in Eqgs. (14) and (15).
Consequently, we are now able to converge precisely
to the simulated expressions as shown in Tab. II and
illustrated in Figs. 5b and d. The relative deviation of
the determined coefficients from the simulated input is
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FIG. 4: Flowchart of the nested iterative procedure to extract spin-orbit torques from harmonic measurements.
Updated steps in the nested iterative procedure are highlighted as dashed lines (as compared to the conventional
procedure). The steps, indicated by the encircled numbers, are explained in the text. The updated quantities are in
bold. Note that for each iteration of the outer loop, the conventional procedure in the inner loop converges.

TABLE II: Simulation and analysis of an anisotropic
SOT system. The table lists the input SOT parameters
(in mT) as well as the values extracted from the
conventional and nested iterative analysis of the
simulated harmonic signals. We also show the fit
residual standard error (o, in mT) and the deviation
between analysis result and simulated SOT value
normalized to the input value (A, in per cent) for both
analysis methods.

Conventional Nested
Result o A (%) |Result o
BEL|-1.2] -1.20 |5 x 107¢| 0.08
BIY|-1.1] -1.41 |4 x 107°] -28
B .04 -0.13 |6 x 107%| 68

Input A (%)
-1.20 |1 x 107%| -0.01
-1.10 |1 x 107%| 0.04

-0.40 |1 x 107°| -0.08

B&P 119 1.90 {3 x107%] -0.01 | 1.90 |3 x 107°| 0.006
BAP11.0] 1.32 |2x107%| 32 | 1.00 |2 x107°| 0.07
BfP106] 0.30 |4%x107°| -50 | 0.60 [3x107°| -0.8

now below 1% across all orders of the SOT parameters
used here. The nested iterative procedure not only
yields more accurate results than the conventional
analysis, it also runs fully automatically and with
little computational cost on any personal computer.
It is therefore highly recommended to always use the
nested iterative procedure when extracting SOTs from
harmonic measurements.

Lastly, we investigate the influence of noise, as al-
ways present in experimental data, on the precision of
the nested analysis. To this end, we added sets of ran-
dom, normally distributed noise (with a mean value of

isotropic anisotropic
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FIG. 5: SOT fields extracted from the conventional and
nested iterative analysis as a function of magnetization
angle sin? f,. Figures (a) and (c) show the results for
the isotropic SOT's (see parameters in Tab. I). Figures
(b) and (d) show the fields extracted from the
anisotropic SOT simulation (see Tab. II). The
functional dependence expected from the known input
parameters is plotted with solid lines. The extracted
torque coefficients are listed in the Tabs I and II.

zero and standard deviation opeise) to the simulated
first and second harmonic signals. For every value of
Onoise twenty different sets of noisy measurement data
were generated and from each data set we extracted
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FIG. 6: Error bars of the extracted SOT parameters in
the presence of experimental noise op,oi50. The
simulation input parameters are listed in Tab. II and
Onoise Was added to the simulated first and second
harmonic signals (see Fig. 2, sampled in 1 mT steps).
Panels (a) and (b) show the results and linear fits for

B{Y, and BE% ,, respectively.

the SOT parameters using our nested iterative analy-
sis scheme. Subsequently, we calculated the error bars

of each SOT parameter z (with z = Bg I;;fD) via 0, =

V1/(n = 1) 37 (T — Tinpus)2, where Tinpye is the noise-
free input parameter and n = 20 in our example. That is,
o is the standard deviation of x with respect to Zinpus.
As shown in Fig. 6, we find a linear dependence on oyige-
Importantly, for opeise < 0.01 mf2, as realistically achiev-
able in carefully measured Hall signals'?, the uncertainty
is sufficiently low (error bars < 0.07mT) to retrieve a
good estimate for all SOT parameters considered here.

To conclude, we have shown by means of simulations
that the values of higher order spin-orbit torque coeffi-
cients extracted via the established iterative procedure
from harmonic measurements may not be reliable. To
overcome these issues, we have proposed a modified
analysis scheme that allows the anisotropic terms to vary
during the iterations and to converge to their correct
values. We found that a nested iterative implementation
of the algorithm is required to make this convergence
robust. We have verified our approach by means of
simulations, which show that our procedure yields
accurate, self-consistent results even in the presence
of sizable higher order terms. A fully automated code
to use this analysis is openly available.?6 Our method
enables high-precision measurements of anisotropic
SOTs, thus paving the way for a deeper understanding
of the fundamental physics underlying these torques and
for their application in tailored spintronics devices.

The data that support the
this study are openly available
http://doi.org/10.5281 /zenodo.4648462.

findings  of
in Zenodo at
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